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Ahlfors-regular curves and Carleson measures
Huaying Wei ∗, Michel Zinsmeister †
Abstract. We study the relation between the boundary of a simply con-
nected domain Ω being Ahlfors-regular and the invariance of Carleson
measures under the push-forward operator induced by a conformal map-
ping from the unit disk ∆ onto the domain Ω. As an application, we
characterize the chord-arc curve with small norm and the asymptotically
smooth curve in terms of the complex dilatation of some quasiconformal
reflection with respect to the curve.
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1 Introduction
Let ∆ = {z : |z| < 1} denote the unit disk in the extended complex plane Cˆ. ∆∗ =
Cˆ − ∆¯ is the exterior of ∆, and S = ∂∆ = ∂∆∗ is the unit circle. Also, as usual,
D(z, r) denotes the open disk with center z and radius r, and the notation Λ1 denotes
the one-dimensional Hausdorff measure.
A positive measure µ defined on a simply connected domain Ω is called a Carleson
measure (see [6]) if
‖µ‖∗ = sup
{µ(Ω ∩D(z, r))
r
: z ∈ ∂Ω, 0 < r < diameter(∂Ω)
}
<∞. (1)
A Carleson measure µ is called a vanishing Carleson measure if limr→0 µ(Ω∩D(z, r))/r =
0 uniformly for z ∈ ∂Ω. We denote by CM(Ω) and CM0(Ω) the set of all Carleson
measures and vanishing Carleson measures on Ω, respectively. It is easy to see that
CM(Ω) is a Banach space with the Carleson norm ‖ · ‖∗.
∗Department of Mathematics and Statistics, Jiangsu Normal University, Xuzhou 221116, PR China.
Email: 6020140058@jsnu.edu.cn.
†IDP, Universite´ d’ Orle´ans,45067 Orle´ans Cedex 2, France. Email: zins@univ-orleans.fr
1
Let ϕ be a conformal mapping from the unit disk ∆ onto a simply connected domain
Ω. For any µ ∈ CM(Ω), the pull-back of µ is the measure defined on ∆ by
ϕ∗dµ = |ϕ
′
|−1d(µ ◦ ϕ).
It should be pointed out that if µ ∈ CM(Ω) is absolutely continuous (with respect to
Lebesgue measure), that is, if there exists a function λ ∈ L1 such that
dµ(z) = λ(z)dxdy,
then, writing dν = ϕ∗dµ,
dν(ζ) = λ ◦ ϕ(ζ)|ϕ
′
(ζ)|dξdη.
For a Carleson measure ν on ∆ we define similarly the push-forward of ν as being
the measure on Ω defined by
(ϕ−1)∗dν = |(ϕ−1)
′
|−1d(ν ◦ ϕ−1).
If Ω = ∆, these two operators are isomorphisms of CM(∆) (one being the reciprocal
of the other): this is another way of stating the conformally invariant character of
Carleson measures on ∆ as in [6, p.231].
In 1989, Zinsmeister [14] proved the following
Theorem 1. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply con-
nected domain Ω. Then logϕ
′
∈ BMOA(∆) if and only if the pull-back operator ϕ∗ is
bounded from CM(Ω) to CM(∆).
Let ϕ be a univalent function in ∆. We say that Ω = ϕ(∆) is a BMOA domain if
logϕ
′
∈ BMOA(∆). For the BMOA domain, Bishop and Jones [3] gave a geometric
characterization. It says that logϕ
′
∈ BMOA(∆) if and only if the domain Ω = ϕ(∆)
satisfies the following Bishop-Jones (BJ) condition:
For any z ∈ Ω there exists a chord-arc domain Ωz ⊂ Ω containing z of “norm”
6 k(Ω), whose diameter is uniformly comparable to dist(z, ∂Ω), and such that Λ1(∂Ω∩
∂Ωz) ≥ c(Ω)dist(z, ∂Ω). Here k(Ω) > 1 and c(Ω) > 0 depend only on Ω, and Ωz being
a chord-arc domain means that its boundary is a chord-arc curve.
A Jordan curve is a BJ curve if it is the boundary of a simply connected domain
which satisfies the above BJ condition. A BJ curve which is a quasicircle is called a
BJ quasicircle. A typical example is a variant of the snowflake where at each iteration
step, one of sides of the triangle, for instance the left one, is left unchanged.
Very recently, in [12] we proved the analogous statement of Theorem 1 for vanishing
Carleson measures.
Theorem 2. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply con-
nected domain Ω. Assume that ∂Ω is a BJ quasicircle. Then the pull-back operator
ϕ∗ : CM0(Ω)→ CM0(∆)
is well-defined.
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Recall that a locally rectifiable curve Γ ⊂ C is Ahlfors-regular if there exists a
constant C > 0 such that its arclength parametrization z : I → C (I; interval of R)
satisfies
∀z ∈ C, ∀r > 0, Λ1({s ∈ I; |z(s)− z| 6 r}) 6 Cr. (2)
The smallest such C is called the Ahlfors-regular constant. It has been shown by David
(see [8, p.162]) that Γ is Ahlfors-regular if and only if
Λ1(τ(Γ)) 6 C1 diamτ(Γ) (3)
for all τ ∈ Mo¨b.
This concept was introduced by David [5] in association with the problem of Cauchy
integral. More precisely, This author demonstrated that Ahlfors-regular curves are the
most general rectifiable curves for which for all f ∈ L2(R),
lim
ε→0
∫
|z(y)−z(x)|>ε
f(y)dy
z(x) − z(y)
= Tf(x)
exists almost everywhere and defines a bounded operator on L2(R).
Another result in [14] states that ∂Ω being Ahlfors-regular is a sufficient condition to
assure the boundedness of the push-forward operator (ϕ−1)∗ from CM(∆) to CM(Ω).
We will show that the converse is also true. Thus, the invariance of Carleson measures
under push-forward operators characterizes Ahlfors-regular curves. More precisely,
Theorem 3. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply con-
nected domain Ω. Then ∂Ω is Ahlfors-regular if and only if the push-forward operator
(ϕ−1)∗ is well-defined from CM(∆) to CM(Ω).
We will show as part of the proof of Theorem 3 that the push-forward operator
(ϕ−1)∗ being well-defined assures that the image of an Ahlfors-regular curve in ∆
under a conformal mapping is also an Ahlfors-regular curve. The corresponding result
for the pull-back operator, the boundedness of the pull-back operator implies that the
inverse mapping of a conformal mapping from the unit disk ∆ onto a simply connected
domain Ω preserves being Ahlfors-regular, is already known.
In [12], we showed the analogous statement of Theorem 3 for vanishing Carleson
measures is still valid.
Theorem 4. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply con-
nected domain Ω. Assume that ∂Ω is an Ahlfors-regular curve. Then the push-forward
operator
(ϕ−1)∗ : CM0(∆)→ CM0(Ω)
is well-defined.
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The result in [15] states that an Ahlfors-regular curve must be a BJ curve, and
the converse does not hold. A counterexample can be constructed as follows: Let
Ω = {(x, y) ∈ R2 : y > sin(x2)}. Then ∂Ω is not an Ahlfors-regular curve, but
logϕ
′
∈ BMOA(R2+), where ϕ is a conformal mapping from R
2
+ onto Ω.
On the other hand, the BJ quasicircle might not even be rectifiable, though in a
sense, it is rectifiable most of the time on all scales. According to the observation that
a curve is both an Ahlfors-regular curve and a quasicircle, so called Ahlfors-regular
quasicircle, if and only if it is a chord-arc curve, it is clear that an Ahlfors-regular
quasicircle must be rectifiable.
The paper is structured as follows: Section 2 is denoted to the proof of Theorem
3. As an application of Carleson measure theories stated in Section 1, in Section 3,
we will characterize chord-arc curves and asymptotically smooth curves in terms of
quasiconformal reflections.
2 The boundedness of the push-forward operator
Before proceeding to the proof of Theorem 3, let us recall its statement.
Theorem 3. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply con-
nected domain Ω. Then the following two statements are equivalent:
(1) ∂Ω is Ahlfors-regular;
(2) The push-forward operator (ϕ−1)∗ is well-defined from CM(∆) to CM(Ω).
The proof of (1)⇒ (2) in Theorem 3 has been shown in [14]. The strategy for the
proof of (2) ⇒ (1) is to use the fact that if the curve γ ⊂ ∆ is Ahlfors-regular, then
Λ1|γ is a Carleson measure on the unit disk ∆.
We begin by stating Koebe distortion theorem, which will be needed later. See [8,
Theorem 1.3] for example.
Lemma 1. A conformal homeomorphism f of ∆ into C satisfies
|f
′
(0)|
|z|
(1 + |z|)2
6 |f(z)− f(0)| 6 |f
′
(0)|
|z|
(1− |z|)2
;
|f
′
(0)|
1− |z|
(1 + |z|)3
6 |f
′
(z)| 6 |f
′
(0)|
1 + |z|
(1− |z|)3
for every z ∈ ∆. The first inequality of the first line shows in particular that the image
f(∆) contains a disk of center at f(0) and radius |f
′
(0)|/4.
Lemma 2. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply connected
domain Ω. Assume that the push-forward operator (ϕ−1)∗ is well-defined from CM(∆)
to CM(Ω). Then (ϕ−1)∗ is a bounded linear operator.
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Proof. Let
T = (ϕ−1)∗ : CM(∆)→ CM(Ω)
which sends by hypothesis ν to µ defined by dµ = |(ϕ−1)
′
|−1dν ◦ ϕ−1. We define the
graph of T to be the set
Γ(T ) = {(ν, µ) ∈ CM(∆)× CM(Ω); T (dν) = dµ}.
Let {(νn, µn)} ⊂ Γ(T ) such that νn → ν, µn → µ as n → ∞. If we can show that
dµ = T (dν) then, by the closed graph theorem the conclusion of the lemma holds.
The assumptions imply that (µn) converges weakly to µ in the sense that∫
fdµn →
∫
fdµ
for every f continuous with compact support in Ω. On the other hand,∫
fdµn =
∫
f ◦ ϕ|ϕ
′
|dνn →
∫
f ◦ ϕ|ϕ
′
|dν =
∫
fT (dν),
so that dµ = T (dν) and the lemma follows.
Lemma 3. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply connected
domain Ω. Assume that the push-forward operator (ϕ−1)∗ is well-defined from CM(∆)
to CM(Ω). If γ ⊂ ∆ is Ahlfors-regular, then Γ = ϕ(γ) ⊂ Ω is Ahlfors-regular.
Proof. Suppose that the curve γ ⊂ ∆ is Ahlfors-regular. We define ν = Λ1|γ and
denote by µ the push-forward of the measure ν. By (2), there exists some constant
C > 0 such that for any z ∈ C and r > 0, we have
ν(D(z, r) ∩ γ) = Λ1(D(z, r) ∩ γ) 6 Cr. (4)
In particular, (4) holds for any z ∈ S and 0 < r < 2, which implies ν ∈ CM(∆). For
any domain A ⊂ Ω,
µ(A) =
∫
A
dµ =
∫
A
1
|(ϕ−1)′ |
dν ◦ ϕ−1
=
∫
ϕ−1(A)
1
|(ϕ−1)′|(ϕ(z))
dν =
∫
ϕ−1(A)
|ϕ
′
(z)|dν
=
∫
ϕ−1(A)∩γ
|ϕ
′
(z)||dz| = Λ1(ϕ(γ) ∩ A) = Λ1(Γ ∩ A).
Thus, µ = Λ1|Γ ∈ CM(Ω).
Let w0 ∈ Γ: Suppose r >
1
2
dist(w0, ∂Ω). Then r + dist(w0, ∂Ω) 6 3r. Set
dist(w0, ∂Ω) = |w0 − w˜0|, w˜0 ∈ ∂Ω. It is easy to see that
Λ1(D(w0, r) ∩ Γ) = µ(D(w0, r) ∩ Γ)
6 µ(D(w˜0, 3r) ∩ Γ)
6 3‖µ‖∗r 6 3C‖T‖r.
(5)
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The last inequality follows from (4) and the boundedness of the push-forward operator
T = (ϕ−1)∗, where ‖T‖ denotes the operator norm.
Suppose r < 1
2
dist(w0, ∂Ω). Set d = dist(w0, ∂Ω). We have D(w0, r) ⊂ D(w0, d) ⊂
Ω. Set φ = ϕ−1. Then φ(dw + w0) is a conformal homeomorphism of ∆ into ∆. By
Koebe distortion theorem, for any w ∈ D(w0, r), we have
4
27
|φ
′
(w0)| 6 |φ
′
(w)| 6 12|φ
′
(w0)| (6)
and
|φ(w0 + re
iθ)− φ(w0)| 6 d|φ
′
(w0)|4
r
d
= 4r|φ
′
(w0)|. (7)
Then, (7) implies that
φ(D(w0, r)) ⊂ D(φ(w0), 4r|φ
′
(w0)|). (8)
We conclude by (4) and (8) that,
Λ1(φ(D(w0, r) ∩ Γ)) 6 4Cr|φ
′
(w0)|. (9)
On the other hand, it follows from (6) that
Λ1(φ(D(w0, r) ∩ Γ)) =
∫
D(w0,r)∩Γ
|φ
′
(w)||dw|
>
4
27
|φ
′
(w0)|Λ
1(D(w0, r) ∩ Γ).
(10)
Then, by (9) and (10) we have Λ1(D(w0, r) ∩ Γ) 6 27Cr.
Let w0 ∈ C \ Γ: if r 6 dist(w0,Γ), there is nothing to prove.
If r > dist(w0,Γ), let dist(w0,Γ) = |w0 − w˜|, w˜ ∈ Γ. Then,
Λ1(D(w0, r) ∩ Γ) 6 Λ
1(D(w˜, 2r) ∩ Γ) 6 2max{3C‖T‖, 27C}r.
Therefore, we conclude that Λ1(D(w, r) ∩ Γ) 6 2max{3C‖T‖, 27C}r for any w ∈ C
and r ∈ (0,∞). This completes the proof of Lemma 3.
Remark 1. For the ease of calculation, the Carleson measure on ∆ can be defined in
the following equivalent way. A positive measure µ on ∆ is a Carleson measure if there
is a constant C such that
µ(S) 6 Ch (11)
for every sector
S = {reiθ : 1− h 6 r < 1, |θ − θ0| 6 h}.
The smallest such C is called the Carleson norm of µ, ‖µ‖C. For the sake of simplicity,
the norm ‖ · ‖∗ in (1) and the norm ‖ · ‖C will be identified in the following arguments.
We are ready now to the proof of (2)⇒ (1) in Theorem 3.
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proof of (2)⇒ (1) in Theorem 3. We first suppose ∂Ω is bounded. Set γn = {z : |z| =
rn = 1 − 2
−n}, n = 1, 2, 3, · · · and ϕ(γn) = Γn. We define νn = Λ
1|γn . By direct
computation we see ‖νn‖∗ 6 1 for any n. Then dµn = (ϕ
−1)∗dνn = dΛ
1|Γn follows from
the proof of Lemma 3. We conclude by Lemma 2 that ‖µn‖∗ 6 ‖T‖ for any n, where
‖T‖ denotes the operator norm of T = (ϕ−1)∗ as before.
For any w ∈ ∂Ω,
Λ1(Γn) = µn(D(w, diam(∂Ω)) ∩ Γn)
=
∫
|z|=rn
|ϕ
′
(z)||dz| =
∫ 2pi
0
|ϕ
′
(rne
iθ)|rndθ
6 diam(∂Ω)‖T‖
which implies that ∫ 2pi
0
|ϕ
′
(rne
iθ)|dθ 6 2diam(∂Ω)‖T‖.
Thus, ϕ
′
∈ H1 and ∂Ω is rectifiable.
To prove the curve ∂Ω is Ahlfors-regular, it is sufficient to show that Λ1(D(w, λ)∩
∂Ω) 6 ‖T‖λ for any w ∈ ∂Ω and 0 < λ <∞. Since
Λ1(D(w, λ) ∩ Γn) =
∫ 2pi
0
|ϕ
′
(rne
iθ)|rnχErn,λdθ 6 ‖T‖λ,
where Ern,λ = {θ ∈ (0, 2pi]; ϕ(rne
iθ) ∈ D(w, λ)}. It follows from ϕ
′
∈ H1 that for
almost all θ ∈ E1,λ, ϕ
′
(rne
iθ) has a nontangential limit ϕ
′
(eiθ). Thus, we conclude by
Fatou’s lemma that,
Λ1(D(w, λ) ∩ ∂Ω) =
∫
E1,λ
|ϕ
′
(eiθ)|dθ 6 ‖T‖λ.
This proves the assertion when ∂Ω is bounded.
Now suppose ∂Ω is unbounded. Without loss of generality, we may assume ϕ(0) = 0.
It is easy to see that the Ahlfors-regular constants of γn are uniformly bounded by
a universal constant C. Thus, we conclude by Lemma 3 that the Ahlfors-regular
constants of Γn are uniformly bounded by the constant C1
def
= 2max{3C‖T‖, 27C}. By
(3) the image Ln of Γn under the mapping z 7→ 1/z are also Ahlfors-regular with the
same uniform constant C1. It follows that Ln are rectifiable with uniformly bounded
length. Let ψ(z) = 1/ϕ(1
z
) be a conformal homeomorphism of ∆∗ into C. Then we
have ψ
′
(z) ∈ H1 in ∆∗ and the boundary of the image D of the domain Ω under
the mapping w 7→ 1/w is rectifiable. Then the proof goes as the first case. We can
obtain that ∂D is an Ahlfors-regular curve. It follows from (3) that ∂Ω is also an
Ahlfors-regular curve. This proves the assertion.
Remark 2. When ∂Ω is bounded, the uniform boundedness of ln = Λ
1(Γn) can also be
proved by using an explicit construction.
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Suppose ln →∞ as n→∞. Take εn =
1
ln
− 1
ln+1
, n = 1, 2, 3, · · · . Then
∑
εn = 1/l1
implies
∑
εn is convergent. Let dν = d
∑
εnΛ
1|γn+1. For any z ∈ S and 0 < h < 1, we
have
ν(S) 6 2h
∑
εn
for every sector
S = {reiθ : 1− h 6 r < 1, |θ − θ0| 6 h}.
Thus, ν ∈ CM(∆). On the other hand, noting that
∑
εnln+1 >
∫ 1/l1
0
1
x
dx, we have∑
εnln+1 is divergent. We conclude that
dµ = |(ϕ−1)
′
|−1dν ◦ ϕ−1 = d
∑
εnΛ
1|Γn+1 .
Then µ is not a Carleson measure on Ω. Contradiction.
3 On the reflections of chord-arc curves and asymp-
totically smooth curves
In this section, we show that admitting a quasiconformal reflection, which is “con-
formal” near the curve in a sense given precisely by a Carleson measure condition,
characterizes the chord-arc curve with small norm, and that the similar result, with
the Carleson measure replaced by the vanishing Carleson measure, characterizes the
asymptotically smooth curve in some condition.
3.1 Chord-arc curves
A locally rectifiable curve Γ is a chord-arc curve if lΓ(z1, z2) 6 k|z1−z2| for all z1, z2 ∈ Γ,
where lΓ(z1, z2) denotes the length of the shortest arc of Γ joining z1 and z2. The
smallest such k is called the chord-arc constant.
It is a well known fact that a chord-arc curve Γ is the image of the unit circle under
a bilipschitz mapping on the plane, that is, there exists a mapping ρ : C → C such
that ρ(S) = Γ and C−1|z − w| 6 |ρ(z)− ρ(w)| 6 C|z − w| for all z, w ∈ C. Bilipschitz
mappings preserve Hausdorff dimension, and though they are a very special class of
quasiconformal mappings, no characterization has been found in terms of their complex
dilatation. See [1], [7] for more results on this topic.
The complex dilatations whose associated quasicircles are chord-arc curves with
small constant are well understood.
Theorem 5 (see [2], [10]). Let ϕ be a conformal mapping from the unit disk ∆ onto
a simply connected domain Ω. Then Γ = ∂Ω is a chord-arc curve with small constant
if and only if ϕ has a quasiconformal extension with complex dilatation ν such that
|ν|2/(|z|2 − 1) is a Carleson measure with small norm.
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Let Γ be a Jordan curve bounding the domains Ω and Ω∗. A sense-reversing quasi-
conformal mapping f of the plane which maps Ω onto Ω∗ is a quasiconformal reflection
in Γ if f keeps every point of Γ fixed. It is well known that a Jordan curve admits a
quasiconformal reflection if and only if it is a quasicircle.
The result in [13] states that if a quasicircle Γ admits a quasiconformal reflection f
whose complex dilatation µ satisfies |µ|2dist(w,Γ)−1 is a Carleson measure with small
norm, then Γ is a chord-arc curve with small constant. By applying Theorem 5 and
the boundedness of the push-forward operator induced by a conformal mapping from
the unit disk ∆ onto the chord-arc domain, the converse can be drawn.
Theorem 6. Let Γ be a quasicircle. Then the following two statements are equivalent:
(1) Γ admits a quasiconformal reflection f whose complex dilatation µ satisfies that
|µ|2dist(w,Γ)−1 is a Carleson measure with small norm.
(2) Γ is a chord-arc curve with small constant.
Proof. (1)⇒ (2) was given in [13]. We will show that (2)⇒ (1).
Suppose Γ is a chord-arc curve with small constant bounding the domains Ω and Ω∗.
Let ϕ be a conformal mapping from the unit disk ∆ onto the domain Ω. By Theorem
5, ϕ has a quasiconformal extension (still denoted by ϕ) with complex dilatation ν such
that |ν|2/(|z|2−1) is a Carleson measure with small norm (for example, Douady-Earle
extension (see [4]) or modified Beurling-Ahlfors extension constructed by Semmes in
[10]). Set f = ϕ◦ 1
ϕ−1
. Clearly, f is a quasiconformal reflection in Γ. Set µ(w) = ∂f
∂w
/ ∂f
∂w¯
.
Then,
|µ(w)| =
∣∣∣∣ν
( 1
ϕ−1(w)
)( 1
ϕ−1
)w
( 1
ϕ−1
)w
∣∣∣∣ =
∣∣∣∣ν
( 1
ϕ−1(w)
)∣∣∣∣.
By Koebe distortion theorem,
|µ(w)|2
dist(w,Γ)
6 4
|ν(z)|2
|z|2 − 1
◦
( 1
ϕ−1(w)
)( 1
ϕ−1(w)
)
w
.
The theorem follows by Theorem 3.
3.2 Asymptotically smooth curves
A Jordan curve Γ is called an asymptotically smooth curve in the sense of Pommerenke
[8, p.172] if lim|z1−z2|→0 lΓ(z1, z2)/|z1− z2| → 1 for any two points z1 and z2 of Γ, where
lΓ(z1, z2) denotes the length of the shortest arc of Γ joining z1 and z2.
In [9], Pommerenke has obtained the following
Theorem 7. Let ϕ be a conformal mapping from the unit disk ∆ onto a simply con-
nected domain Ω. Then Γ = ∂Ω is an asymptotically smooth curve if and only if ϕ
has a quasiconformal extension with complex dilatation ν such that |ν|2/(|z|2 − 1) is a
vanishing Carleson measure.
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We will apply Theorem 7 to give a characterization for asymptotically smooth
curves in certain premise. Precisely, we will prove the following
Theorem 8. Let Γ be a chord-arc curve. Then the following two statements are equiv-
alent:
(1) Γ admits a quasiconformal reflection f whose complex dilatation µ satisfies that
|µ|2dist(w,Γ)−1 is a vanishing Carleson measure.
(2) Γ is asymptotically smooth.
Proof. By Theorem 4 and Theorem 7, (2) ⇒ (1) can be obtained similar to the proof
of (2)⇒ (1) in Theorem 6. We will show that (1)⇒ (2).
Let h be a conformal mapping from the unit disk ∆ onto Ω bounded by Γ. Define ϕ
by ϕ(z) = h(z) in the closure of ∆, and ϕ(z) = f ◦ϕ(1
z¯
) in ∆∗. Then ϕ is quasiconformal
in the plane, and its complex dilatation ν satisfies
|ν(z)| =
∣∣∣∣µ
(
ϕ(
1
z¯
)
)(ϕ(1
z¯
))z¯
(ϕ(1
z¯
))z
∣∣∣∣.
By Koebe distortion theorem,
|ν(z)|2
|z|2 − 1
6
|µ(w)|2
dist(w,Γ)
◦ ϕ
(1
z¯
)(
ϕ
(1
z¯
))
z¯
.
It follows from Theorem 2 that |ν|2/(|z|2 − 1) is a vanishing Carleson measure. From
Theorem 7 we obtain Γ is an asymptotically smooth curve.
We end this paper with the following
Remark 3. A natural question is whether Theorem 8 is still true if the chord-arc curve
is replaced by the quasicircle.
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